Based on wideband precoding (WBP) in the multipleinput multiple-output orthogonal frequency division multiplexing system, an adaptive nonuniform codebook is presented in this paper. The relationship between the precoder distribution and spatial correlation is analyzed at first. A closed-form expression based on overlapped isosceles triangles is proposed as an approximation of the precoder distribution. Then, the adaptive codebook design is derived with the approximate distribution to minimize quantization errors. The capacity and bit error rate performance demonstrate that the adaptive codebook with WBP outperforms the conventional fixed uniform codebook.
I. Introduction
Multiple-input multiple-output (MIMO) technology has been proven to be able to tremendously improve the spectral efficiency in rich scattering environments [1] . The orthogonal frequency division multiplexing (OFDM) technique has been in widespread use in high data rate wireless communication systems due to its high spectrum efficiency and tolerance of inter-symbol interference [2] , [3] . Hence, MIMO-OFDM systems have attracted significant worldwide research efforts [4] .
In MIMO systems, the precoding technique is able to enhance the system reliability and capacity [5] . Conventional precoding schemes are usually designed for narrowband MIMO systems with flat fading, which are not suitable for MIMO-OFDM systems with frequency-selective fading. A wideband precoding (WBP) scheme is presented in [6] and [7] , where only one precoder is used for all the subcarriers in the MIMO-OFDM system. The precoder is obtained from a subcarrier independent channel matrix constructed through the temporal channel vectors. The channel state information feedback overhead can be significantly reduced especially if the number of subcarriers is large. Based on the work in [6] and [7] , the relationship between the subcarrier independent channel matrix and the temporal/frequency channel matrices is investigated and an improved WBP scheme is proposed for arbitrary subcarrier grouping in [8] . The idea of WBP is extended to the MIMO-OFDM cooperative system with a relay node in [9] . However, the precoder distribution for WBP is still an open problem, which is important for the use of WBP in the system with limited feedback.
On the other hand, the codebook-based precoding technique is suitable for practical implementation with reduced feedback overhead [10] - [12] . For codebook-based precoding, the quantization of a potential precoder is a challenging problem in the codebook design. For independent and identically distributed (i.i.d.) MIMO channels, the conventional precoder (right singular vectors of the channel matrix) is isotropically distributed in the set of unitary matrices [12] - [14] . Therefore, the codebook design is usually considered to be a classical Grassmanian packing problem, as in [11] and [12] . In practical applications, uniform quantization in the set of unitary matrices is simple and useful for the codebook design. The precoder distribution under spatially correlated channels is analyzed in [14] , and an adaptive nonuniform codebook design is proposed for MIMO systems, where the codebook is designed in consideration of the correlation coefficient.
In this paper, based on WBP in MIMO-OFDM systems under spatially correlated channels, the precoder distribution is analyzed and found to be affected by the spatial correlation coefficients of all the resolvable taps of the channel, which is different from the narrowband MIMO system. Then, the distribution is approximated by multiple overlapped isosceles triangles. An adaptive nonuniform codebook is designed for WBP accordingly. Simulation results demonstrate that the proposed adaptive codebook is able to reduce quantization errors and outperforms the fixed uniform codebook in system capacity and reliability.
The remainder of this paper is organized as follows. The system model is described in section II. The WBP scheme is reviewed in section III. The precoder distribution is analyzed and the approximate expressions are presented in section IV. Accordingly, the adaptive codebook is designed in section V. Simulation results are given in section VI. Finally, section VII concludes this paper.
Notation. The transpose and conjugate-transpose of matrix are denoted by A A T and A H , respectively. The n×n identity matrix and m×n all-zero matrix are denoted by I n and O m,n , respectively. Mathematical expectation is denoted by E(·), and denotes the Kronecker product of two matrices. The vector space of all m×n complex matrices is denoted by . The largest integral smaller than x is denoted by
II. System Model
We consider the MIMO-OFDM system with the discrete Fourier transform (DFT) of size N and L input spatial streams. Equipped at the transmitter and receiver are N T and N R antennas, respectively. The maximum path delay is assumed to be shorter than the length of the cyclic prefix (CP), N T ≥L, and N R ≥L.
The equivalent MIMO system over the n-th subcarrier can be written as Fig. 1 . Illustration of MIMO system over n-th subcarrier.
where and are the transmitted and received signal vectors, respectively, z
n is the additive white Gaussian noise at the receiver R R and is the MIMO channel matrix over the n-th subcarrier. 
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The equivalent MIMO system is illustrated in Fig. 1 , where d n,i is the symbol of the i-th spatial data stream to be sent over the n-th subcarrier, i∈{1, 2,…, L}. That is,
T is the data vector before precoding.
The precoder over all the N subcarriers is F, and x n =Fd n . As described in [6] - [8] , H n can be denoted by the temporal channel 
where τ max is the maximum path delay and ∆t is the temporal sampling interval. The temporal channel vector between the p-th transmit and the q-th receive antennas is given by , , ,
Using (4), H n can be expressed in terms of h p,q [6] , [7] :
III. Wideband Precoding Review
In the WBP scheme [6] , [7] , only one precoder is used for all the subcarriers. Equation (5) can be rewritten as
where
is the subcarrier independent channel matrix. The singular value decomposition of H is obtained at the receiver as
The first L right singular vectors are used as the precoder:
The relationship between H and the temporal/frequency MIMO channel matrices is given in [8] . The temporal MIMO channel matrix of the i-th tap is constructed by
{1, 2,. . , .,
It is summarized in [8] that
That is, the covariance matrix of the subcarrier independent channel is the sum of the covariance matrices of the temporal MIMO channel matrices [8] .
Based on WBP reviewed previously, codebook-based WBP under spatially correlated channels is investigated below. The major contributions of this paper can be summarized as follows:
1) The precoder distributions of WBP under correlated channels are given under various channel assumptions. Then, a unified approximate expression of the precoder distribution is presented in section IV. The proposed approximate expression can also be used for narrowband precoders.
2) An adaptive codebook for WBP is designed in section V with the proposed approximate expressions in section IV. Simulation results in section VI demonstrate that the proposed adaptive codebook outperforms the conventional fixed codebook both in the bit error rate (BER) and the capacity.
IV. Precoder Distribution under Correlated Channel
The spatial correlation matrices of the i-th tap at the transmitter and receiver are defined as
respectively. In (13) and (14), P i is the average power of the i-th tap. According to [14] , the receiver correlation matrix R Ri does not affect the precoder distribution. Hence, it is assumed in the sequel that
For brevity of exposition, it is assumed that N T =2, so that the spatial correlation matrix at the transmitter can be written as
where β i is the correlation coefficient at the transmitter of the i-th tap. As shown in (10), F is related to V. A generalized expression of V is given as [14] 
. (17) Here, V can be uniquely identified with θ 1 and θ 2 . Thus, the precoder distribution is equivalent to the distribution of θ 1 and θ 2 . The precoder distribution in the narrowband MIMO system can be found in [14] , which is related to the correlation coefficient β. The distribution of θ 1 is not affected by the angle of β. The adaptive nonuniform codebook amounts to the adaptive quantization of θ 2 according to β [14] . Hence, we focus on the distribution of θ 2 in this study. It is also assumed that L=1. That is, the precoder is the first column of V. The results in this study can be easily extended to the case of L=2. [14] . In narrowband precoding, the distribution center of θ 2 is related to the angle of the correlation coefficient [14] . We can also readily see that the distribution of the wideband precoder under the spatial correlated channel is related to φ i .
Distribution of Right Singular Vector
If | | 0 i β = , i∈{1, 2,…, N f },
A. Equal Correlation Coefficient for All Taps
In this case, the correlation coefficients of all the taps are assumed to be identical, that is, β i =β, i∈{1, 2,…, N ∀ f }. The precoder distributions are the same as those in narrowband MIMO systems. The probability density function (PDF) of θ 2 , p(θ 2 ) is obtained with Monte Carlo simulations, which is plotted with the black line in Fig. 2 and p(θ 2 ) is similar to those relationships summarized in [14] : p(θ 2 ) is a symmetrical function of which the symmetrical axis is θ 2 = φ; the distribution of θ 2 is mainly near φ, and the variance of θ 2 decreases as | | β increases.
B. Different Correlation Coefficients for All Taps
As shown in (12) , H and V are independent of the delay of all the taps and related to power P i and correlation coefficient β i of each tap. For our investigation, a two-tap channel with P 1 >0, P l >0, P l' =0, 1<l, l'≤N f , l'≠l, and P 1 +P l =1 is considered.
a. Equal Power Case
The precoder distributions with P 1 =P l =0.5 are shown in Fig. 3 
b. Nonequal Power Case
Different powers at the taps are considered for the cases of P 1 =0.6 and P 1 =0.7. The precoder distributions are given in Figs. 4 and 5. The two peaks of the PDF still exist, and the one around φ 1 =-π/2 is higher and wider than the one around φ l =π/2.
Approximation of Precoder Distribution
Figures 2 through 5 show some characteristics of p(θ 2 ) under four different scenarios.
• The peaks are related to the channel taps.
• The locations of the peaks are equal to φ i .
• The height and the area under each peak are related to P i , and the area under the peak increases as P i increases.
• The height of each peak is also related to| | i β .
The envelope of each peak of the PDF can be represented by an isosceles triangle, as shown in Figs. 2 through 5. As a result, we can use the following isosceles triangle function to approximate the distribution related to each tap:
where h is a variable to optimize the approximation and 2P i h is the height of the peak. It is noted that the period of θ 2 is 2π. Additionally, the PDF of θ 2 is approximated as the sum of the functions related to all the taps: As can be seen from (18) and (19), h is the only variable to Table 3 . Optimum variable values for non-equal power, φ 1 =-π/2 and φ l =π/2. 
where the absolute value of the difference between the exact and approximate PDFs is used to measure the accuracy of the approximation. Other approximation error metrics can also be adopted. The approximate distributions are plotted with the red line in Figs. 2 through 5, and the corresponding optimum values of h under all the scenarios are listed in Tables 1  through 3 .
V. Adaptive Codebook Design for WBP
The adaptive nonuniform codebook for narrowband MIMO systems is proposed in [14] . The spatial correlation coefficient is calculated according to the average at the receiver over a long period of time and sent back to the transmitter. Then, the current codebook is chosen. The use of the adaptive nonuniform codebook in the MIMO-OFDM system is illustrated in Fig. 6 , where the codebook is adaptive to the correlation coefficients of the multi-path channel. Compared with Fig. 1 , a new feedback link from the receiver to transmitter is used for the current codebook index. The feedback period of the codebook index is much longer than that of the codeword index. Hence, the system overhead increase due to the new feedback link is acceptable. In the adaptive codebook design, θ 1 is fixed as π/4; hence, a codebook is equivalent to a quantization of θ 2 . According to the approximate precoder distribution in subsection IV.2, adaptive quantization of θ 2 can be easily implemented. Let c i be the i-th precoder (codeword) in codebook C, which comprises M precoders. The distance between angles is defined as 
which is the codeword selection in the codebook. The quantization error is . The codebook design problem with the approximate precoder distribution is equivalent to the average quantization error minimization problem below: 2 2 ( , )
The adaptive nonuniform codebook designs for two classic scenarios are taken as examples to explain the use of adaptive codebook design based on the approximate precoder distribution in subsection IV.2.
PDF with a Single Peak
If there is only a single peak in the envelope of the precoder distribution, that is, β i =β, the symmetrical axis of p(θ 2 ) is θ 2 = φ=angle(β), as shown in Fig. 2 . According to (18) and (19), the approximate precoder distribution is given by 
If M=2, the quantization of θ 2 is also symmetrical around φ and the codebook is represented by C 2 ={φ-t, φ+t}. As the precoder distribution and the codebook are both insensitive to angle rotation, we can assume that φ=0. Based upon this knowledge, the quantization error becomes a function of t as 3 2
The optimum value of t can be obtained as
The blue dashed line in Fig. 2 shows C 2 obtained with (26). As can be seen from (26), the distance between the quantization orders and the symmetrical axis is related to h, and the product of h and t is constant. For M=4, the codebook is denoted by C 4 ={φ-t 2 , φ-t 1 , φ+t 1 , φ+t 2 }. The quantization error becomes 
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The optimization problem can be solved with an exhaustive search in the interval of [0, 1/(2h)] as
arg min ( ) (0.08 ,0.27 ).
t t R t h h
Figure 2 also plots C 4 , represented by the pink dashed line.
PDF with Multiple Peaks
For the scenario of P 1 =P l =0.5, φ 1 =-π/2, and φ l =π/2, the design of C 2 is straightforward, that is, C 2 ={φ 1 , φ l }. If M=4 and the two peaks of the precoder distribution do not overlap as shown in Fig. 3(e) , that is, h>1/π, the proposed codebook design in subsection V.1 for M=2 can be directly extended to
If the two peaks of the precoder distribution overlap as shown in Figs. 3(a) to 3(d) , the codebook can be obtained as . The quantization error function contains t as a variable. If
where the constant independent of t is ignored. The quantization error is minimized as follows:
Integrating (32) into (30) gives rise to the necessary condition of the codebook design in (30) as
On the other hand, if
where the constant independent of t is ignored. The quantization error is minimized when 
Combining (32), (33), (36), and (37), the codebook design for the two-peak precoder distribution function can be summarized as 
As can be seen from (29) 
VI. Simulation Results
The system performance of the proposed adaptive nonuniform codebook for WBP is evaluated in this section, where the conventional fixed uniform codebook is taken as a comparative baseline scheme. The proposed adaptive nonuniform codebook is adaptive quantization of the precoder and related to the correlation coefficients of all the channel taps. Therefore, apparent reduction on the quantization error at the expense of a slight increase of the feedback overhead can be achieved with the proposed adaptive codebook.
The MIMO-OFDM system with WBP and the adaptive codebook is evaluated with the system parameters listed in Table 4 . The ergodic capacity and BER are adopted as two performance metrics. The system ergodic capacity is defined as Table 4 . System parameters for performance evaluation.
( 39) where γ n is the post signal-to-noise ratio (SNR) over the n-th subcarrier after maximum ratio combining (MRC).
In our simulations, each channel tap is generated with an i.i.d. channel matrix and the correlation coefficient according to (13) and (14) in [14] . According to (5) , the channel matrices of all the subcarriers can be obtained. Then, the optimum precoder is computed with (10) , and the corresponding angle is achieved with (17). The quantized angle , that is, the precoder in the codebook, is selected with (22). The post SNR over each subcarrier can be computed with the selected precoder and H 2 θ 2 θ n . The two-tap channel in section IV is also adopted in this part, and l=4.
Equal Power and Correlation Coefficient for All Taps
Assume P 1 =P l =0. 5 are constructed according to subsection V.1: 1) C 2 ={1.14, 2.00} and 2) C 4 ={0.78, 1.34, 1.81, 2.36}. The fixed uniform quantization codebook (C F2 ={0, π}) is also taken for comparison. Additionally, the results based on (10) are plotted in the figures, which are equivalent to a codebook with an infinite size. The BER and capacity results are given in Fig. 7 . Obviously, the precoder in (10) performs the best without quantization errors. The adaptive nonuniform codebook, C 2 , outperforms the fixed one, C F2 , by about 0.6 dB in the BER and 0.9 dB in capacity, as shown in Figs. 7(a) and 7(b) , respectively. The difference between C 2 and C 4 is less than 0.2 dB.
The performance with β=0.9e jπ/2 is also evaluated, where Table 5 . The improvement in the capacity with the proposed adaptive codebook over the conventional fixed codebook is more apparent than that in the BER.
Equal Power and Different Spatial Correlations
Various tap correlation coefficients are considered in this scenario. The BER and capacity results for P 1 =P l =0.5, β 1 =0.6e 18}. = ± ± C F2 is far from the performances of the other schemes. As shown in Fig. 9(a) , C 4 performs closely to C F4 at the low SNR region and outperforms it at high SNRs.
For β 1 =0.9e -jπ/2 and β l =0.9e
, the BER and capacity results are plotted in Fig. 10 , where is in 4 { 1.19, 1.96} = ± ± C accordance with (29). The capacity results with C F4 , C 4 , and the noncodebook precoding are similar. However, C 4 outperforms C F4 by about 1.4 dB in terms of BER, as shown in Fig. 10(a) . Similarly, the results in Figs. 9 and 10 are summarized in Table 6 . For the channels with different correlation coefficients, the proposed adaptive nonuniform codebook is capable of reducing quantization errors and improving on the system reliability and capacity. The SNR gains at the same levels of the BER are more apparent than those in capacity, which is different from the observation in Table 5 . The results in Tables 5 and 6 clearly demonstrate the advantage of the proposed adaptive codebook over the conventional codebook.
VII. Conclusion
In this paper, we studied the precoder distribution with WBP under the spatially correlated channel, which was shown to be related to the average power and spatial correlation coefficient of each channel tap. Then, a unified approximate expression of the precoder distribution function was proposed, where the PDF related to each tap was approximated by an isosceles triangle and the precoder distribution was approximated by the overlapped functions of all the taps. Based on the proposed approximation, an adaptive nonuniform codebook design for WBP was presented. The BER and capacity performances obtained via Monte Carlo simulations clearly demonstrated the advantage of the proposed adaptive codebook.
